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Multidisciplinary design optimization is an important approach for the conceptual design of space planes because

these planes are characterized by disciplines that interact with one another. Amultidisciplinary design optimization

problem of a single-stage-to-orbit space plane is formulated and solved in this study. Themodeling and optimization

of rigid body characteristics, such as trim and stability, are focused on because a single-stage-to-orbit space plane has

a tendency for considerable shift of both the aerodynamic center and the center of gravity. Moreover, the design of

the air-breathing engines are integrated with the airframe and its effect on the rigid body characteristics are also

modeled in the framework of multidisciplinary design optimization. Using the all-at-once-based multidisciplinary

design optimization approach, which incorporates sparse nonlinear programming and metamodeling, the design of

the vehicle and its flight trajectory are successfully optimized. Finally, the characteristics of the optimal solution are

investigated, especially the relationships among the airframe-engine integration, rigid body characteristics, and

payload transportation capability.

Nomenclature

CD = drag coefficient
CL = lift coefficient
Cm = pitching moment coefficient acting on the

reference point
Cex

m� = stability index contributed by external nozzle of
dual-mode engines

cw = root chord length of the wing
D = drag
di = inputs of sample data
~di = inputs of test data
emse = mean squared error of metamodel evaluated on the

sample points
F�y� = output of metamodel
~Fi = output of test data
�F = mean of the output of test data
f = right-hand side of state equations
G = fidelity criterion of the constructed metamodel
g0 = acceleration of gravity at sea level

(�9:80655 m=s2)

H = altitude
he = height of the dual-mode engines
IspD = specific impulse of the dual-mode engines

excluding the external nozzle
IspR = specific impulse of the rocket engines
Iyy = moment of inertia with respect to the pitch axis
J = objective function
L = lift
lb = total body length
ln = forebody length
le = x-coordinate of the leading edge of the dual-mode

engines
lw = x-coordinate of the leading edge of the wing root
~M = flight Mach number
MA = aerodynamic pitching moment with respect to the

center of gravity
MD = pitching moment with respect to the center of

gravity produced by TD

Mex
D = pitching moment with respect to the center of

gravity produced by Tex
D and Nex

D

MR = pitching moment with respect to the center of
gravity produced by TR

Mref = aerodynamic pitching moment acting on the
reference point

m = number of phases
~m = mass of the vehicle
~mE = estimated total mass of the vehicle excluding the

payload mass
~mf
LH2 = mass of the consumed liquid hydrogen in the

forward tanks
~mr
LH2 = mass of the consumed liquid hydrogen in the rear

tanks
~mLOX = mass of the consumed liquid oxygen
~mPAY = payload mass
~mTO = takeoff mass of the vehicle
Nex

D = normal force (perpendicular to the thrust) of the
dual-mode engines acting on the external nozzle

nc = number of selected sample points (nc � ns)
nj = number of segments in jth phase
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ns = number of sample points
nt = number of test points (not for cross-validation)
PD = internal pressure of the dual-mode engines
p = dimension of the input to metamodel
Q = pitch rate
q = flight dynamic pressure
r = geocentric distance
S = static variables
sex = area of the external nozzle projected on the body

axis
TD = thrust of the dual-mode engines excluding the

external nozzle
Tex
D = thrust of the dual-mode engines acting on the

external nozzle
TR = thrust of the rocket engines
TRmax = maximum thrust of the rocket engines
t = time
U = control variables
V = velocity
wb = body width
wf = width of the nose
�xref ; zref� = position of the aerodynamic reference point
�xD; zD� = point of action with respect to TD

�xexD ; zexD � = point of action with respect to Tex
D and Nex

D

�xR; zR� = point of action with respect to TR

�xCG; zCG� = position of the vehicle’s center of gravity
X = state variables
y = input of metamodel
� = angle of attack
� = radius of the Gaussian function
� = flight path angle
�e = elevon deflection angle
�R = thrust angle of rocket engines
" = proportion of liquid hydrogen consumption in the

forward tanks
� = inequality path constraint functions
� = equality constraint functions for static variables
�b = inclination angle of the external nozzle
�f = inclination angle of the precompression surface of

the forebody
� = inequality constraint functions for static variables
� = swept angle of the wing
� = taper ratio of the wing
� = gravitational constant of the earth

(�3:986 � 1014 m3=s2)
	 = liquid hydrogen/liquid oxygen mixture ratio of

rocket engines (�6:0)

 = weight parameters of the radial basis functions

network metamodel
� = weighting parameter of constrained subuniform

design
� = equality path constraint functions
’, ~’ = functions to express the continuity of the variables

between adjacent phases
�0 = inequality functions for the initial conditions for a

phase
�f = inequality functions for the terminal conditions for

a phase
 0 = equality functions for the initial conditions for a

phase
 f = equality functions for the terminal conditions for a

phase
! = angular velocity of the rotation of the earth

(�7:277 � 10�5 rad=s)

I. Introduction

T O promote space exploration in the future, it is necessary to
develop a low-cost and highly reliable space transportation

system. In particular, single-stage-to-orbit (SSTO) space planes may
be a promising concept for such a potential system due to their
reusability, system simplicity (e.g., no separation mechanism), and
operational flexibility for takeoff and landing. However, unlike
multiple stage vehicles, the feasibility of an SSTO vehicle is severely
limited because it must be placed on the low-earth orbit (LEO)
without separation of heavy components that are unnecessary for the
orbital or reentryflight. Thus, the optimization approach tomaximize
the payload weight plays an important role in the conceptual design
of an SSTO vehicle. On the other hand, the design of a space plane
involves multiple disciplines (e.g., trajectory, aerodynamics,
structure, propulsion, etc.) that interact with one another [1–3].
This fact indicates that an independent design optimization in each
discipline does not necessarily lead to a desirable design for the entire
system. Therefore, multidisciplinary design optimization (MDO)
techniques, which integrate the simulation tools of constituent
disciplines and optimize the entire system, have offered a great
advantage to the conceptual design of space planes [1,2,4].

It is desirable that the analysis model of each discipline be
sufficiently accurate and reliable to obtain a practical result obtained
through MDO. In view of flight dynamics, it is important to model
the rigid body characteristics such as trim and stability. In particular,
space planes have a tendency for considerable shift of both the
aerodynamic center (AC) and the center of gravity (CG) as they
accelerate from takeoff velocity to orbital velocity. These shifts can
cause severe instability and produce large moments that must be
counteracted. Furthermore, the design requires that the air-breathing
engines be integrated with the airframe to improve the propulsion
performance [5], which substantially affects the rigid body
characteristics of the space plane. For example, the lift acting on the
external nozzle due to combustion gas can produce an excessive
nose-down moment that cannot be counteracted. However, in
previousMDO studies of SSTO, a simulationmodel that covers both
the rigid body characteristics, i.e., trim and stability, as well as the
engine-airframe integration has rarely been researched. In [3], a
multidisciplinary parametric analysis covering the trim was
performed, however, the application was limited to a rocket-
powered vertical takeoff SSTO vehicle. In our past work [6], MDO
was applied to a horizontal takeoff SSTO vehicle powered by air-
breathing engines and rocket engines (RE), but the effect of the
integration of the air-breathing engine with the airframe was not
investigated. Therefore, this study formulates and solves an MDO
problem by considering the engine-airframe integration and its effect
on rigid body characteristics such as trim and stability.

Although there are several advanced MDO methods such as
individual disciplinary feasible method [7], collaborative optimiza-
tion [2], and bilevel integrated system synthesis [8], this study adopts
the all-at-once (AAO) method [9] incorporating some useful
techniques. In the AAO method, all the nonlinear equations in the
MDO problem are solved simultaneously without the inner iteration
of each analysis program,which often deteriorates the robustness and
rate of convergence. In addition, the convergence of the AAO
method is not affected by the coupling between multiple disciplines
unlike those of the other MDOmethods. Thus, the AAOmethod has
the advantages that the robustness and rate of convergence are
generally better than those of the other approaches [9]. However, it is
difficult to embed complicated analysis programs into the framework
of the AAO method. To circumvent this difficulty, metamodels
(mathematical approximation models of the relationships between
the inputs and outputs of original analyses) are constructed externally
and then used in the framework of the AAO method. The other
difficulty in the AAO method is that the resulting nonlinear
programming (NLP) problem tends to be large. We applied a sparse
nonlinear programming technique to reduce the computational time
for solving the resulting large NLP problem. Using the AAO-based
MDO incorporating these two techniques, the conceptual design of
the vehicle and its flight trajectory are successfully optimized.
Moreover, the characteristics of the optimal solution, especially the
relationships among the airframe-engine integration, rigid body
characteristics, and payload transportation capability, are inves-
tigated.
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II. Analysis Models

The analysis models used in theMDO framework are described in
the following subsections.

A. Definition of System Configuration, Mission, and Objective
Function

Figure 1 shows the basic airframe configuration of the vehicle as
well as the shape design variables to be optimized. As can be seen in
Fig. 1, a planular airframe is adopted so as to attain a favorable
propulsion performance. The maximum height above the body axis
is fixed to 2 m. The wing section is NACA0005. The elevons
comprise 25% of the wing chord and 90% of the exposed wing
semispan. The total area of the two vertical tails is 13% of the wing
area. As the air-breathing engine, a variable-geometry dual-mode
engine (DME) [10], which can be operated in the ramjet and scramjet
modes, is integrated with the bottom side of the airframe [11]. In
addition, RE is mounted on the base side of the airframe. The
propellants are liquid hydrogen, LH2, and liquid oxygen, LOX. It
should be noted that the LH2 tanks are located separately in the front
and rear of the LOX tank. Thus, the LH2 tanks are used as the trim
tanks. The cross-sectional area of the tanks at every section is
constrained within 50% of the cross-sectional area of the fuselage.
The length and location of each tank are also among the design
variables to be optimized. The constraints imposed on the shape
design are shown in Table 1.

The mission is specified as follows:
1) The vehicle takes off from the runway propelled by the RE.
2) The vehicle accelerates and ascends with the sequential

operation of the propulsion system as follows: RE ! DME�
RE ! DME ! DME� RE ! RE.

3) At an altitude above 90 km, the RE is cut off and the vehicle
begins coasting.

4)At the altitude of 100 km,which is the altitude of the target LEO,
the RE is reignited to accelerate the vehicle to the orbital velocity.

The takeoff mass of the vehicle is 500 Mg. The goal of the
optimization is to maximize the payload mass, which is expressed as
follows.

~m PAY � ~mTO � ~mE (1)

Thus, the objective function to be minimized is expressed as
J �� ~mPAY.

B. Aerodynamics

The lift coefficient, drag coefficient, and pitching moment
coefficient are calculated based on combinations of the
representative values of the flight Mach number, angle of attack,
and elevon deflection angle, as shown in Table 2.

The linear potential flows are calculated by the panel method [12]

at ~M � 1:2. The Prandtl–Meyer expansion flow theory and the

tangent cone method [13] are applied at ~M � 3:8. The skin friction
drag is estimated by the van Driest method [14] and the base drag is
estimated by an empirical equation of the aerodynamic preliminary
analysis system [15]. Moreover, the aerodynamic characteristics at

the representative ~M of the transonic regime (i.e., ~M� 1:05) are
assumed to be the same as those at ~M� 1:2. When the DME is not
operated, its inlet and exit are assumed to be closed. Under this
condition, the pressure coefficient at the backward-facing step flow
region, i.e., at the closed-exit and a part of the external nozzle, is
calculated based on experimental and empirical equations [15,16].
The reattachment length of the backward-facing step flow is
specified as 7he for a subsonic flow [17] and 3he for a supersonic
flow [18].Moreover, as shown in Fig. 2, virtual panels are introduced

to calculate a reasonable potential flow at ~M � 1:2.
Given the shape of the vehicle, the aerodynamic coefficients at the

representative values are calculated, and they are given in the
following second order polynomials of � and �e.

CL � CL0 � CL1�� CL2�
2 � CL3�e � CL4�

2
e

CD � CD0 � CD1�� CD2�
2 � CD3�e � CD4�

2
e

Cm � Cm0 � Cm1�� Cm2�
2 � Cm3�e � Cm4�

2
e

(2)

The parametersCL0; . . . ; CL4,CD0; . . . ; CD4,Cm0; . . . ; Cm4 are given

as the functions of ~M by interpolating the data obtained from the
analysis. This modeling of the aerodynamic coefficients supports the
contribution of the incidental force produced by the elevon deflection
(e.g., trim drag).

The analysis methods used in this study are less accurate than the
recent computational fluid dynamics (CFD) approaches that solve
the Euler or Navier–Stokes equations; nevertheless, they have the
following advantages:

1) It is relatively easy to implement a program for automatic
generation of the grid required for the aerodynamic calculations.

2) The computational costs for the applied methods are moderate,
whereas those for the recent CFD approaches are usually high.

Fig. 1 Basic configuration and shape design variables.

Table 1 Constraints imposed on the shape design

Inequality constraints Inequality constraints

60 � lb � 80 m 0:1 � � � 0:4
3 � �f � 8 deg 0:2�wb � 3� � wf � 0:5�wb � 3�, m
10 � �b � 20 deg 200 � wing exposed area � 1000 m2

45 � � � 60 deg 2000 � body volume � 8000 m3

15 � cw � 25 m ln � le � lw � cw
0:1lb � ln � 0:5lb external nozzle length � 10 m
0:1lb � le � 0:5lb lw � cw � 0:8lb
ln � lw � lb � cw �f � tan�1	�wb �wf � 3�=�2ln�
 � 12 deg
1:5 � he � 2:5 m ——

Table 2 Representative values of the flight condition parameters for

aerodynamic analysis

Parameters Representative values

~M 0.2, 0.7, 0.9, 1.05, 1.2, 3.8, 8.3, 12.8, 18.0, 23.0, 28.0

��; �e�; deg (0, 0), (5, 0), (10, 0), (5, �10), (5, 10)

Virtual panel 

Reattachment line 

Fig. 2 Virtual panel for potential flow calculation.
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However, these methods still consume considerable computational
time if they are directly applied in the framework of MDO.
Therefore, metamodels of the parameters CL0; . . . ; CL4,
CD0; . . . ; CD4, Cm0; . . . ; Cm4 were constructed.

C. Propulsion System

The number of DME is specified as six, and its possible operating

Mach number is assumed to be from ~M� 3:8 to ~M� 12:8. The
design variables related to the DME are the total projected area of the
DME (i.e., 6h2

e), the inclination angle of the precompression surface,
the x-coordinate of the leading edge of the engine, and the inclination
angle of the external nozzle, as shown in Fig. 1. It should be noted
that the performance of the DME can be enhanced further via
rigorous design optimization of its configuration, however, it is not
performed in this study for simplicity. The thrust coefficient and the
specific impulse of the DME, excluding the effect of the external
nozzle, are given as the functions of the flight Mach number, the
altitude, and the airflow angle at the inlet. In addition, the combustion
gas properties (static pressure, static temperature, Mach number,
ratio of specific heat, andmolecular mass) at the exit of the DME and

its internal pressure are given as functions of ~M,H, and (�f � �). On
the basis of the combustion gas properties at the exit, the thrust, the
normal force, and the action point of the pitching moment at the
external nozzle are calculated. The Prandtl–Meyer theory is used to
calculate the pressure of the expansion flow, and the friction
coefficient is specified as 0.002. Figure 3 is a schematic view of the
forces generated by the DME and their action points. On the other
hand, the maximum internal pressure of the DME is used to estimate

its weight, as explained in Sec. II.E. All the functions of ~M, H, and
(�f � �) as described are approximated by the metamodels for their
application in the MDO framework.

The number of RE is specified as 10. The thrust and the specific
impulse of the RE are given as functions of the altitude. The vacuum
thrust of the RE is a design variable, and the vacuum specific impulse
is specified as 455.2 s.

D. Trajectory and Flight Dynamics

An ascent trajectory optimization problem is considered. For
simplicity, the motion of the vehicle is constrained on the equatorial
plane and only the longitudinal dynamics are covered. Themotion of
the vehicle is controlled by �e,TR, and �R. Furthermore, asmentioned
in Sec. II.A, it is assumed that it is possible to control the proportion
of LH2 consumption at the forward and rear tanks. The motion of the
vehicle, which takes the rigid body dynamics into account, is defined
by the following set of differential equations.

d ~mf
LH2

dt
�

�
TD

IspD
� 1

1� 	

TR

IspR

�
"

g0

(3)

d ~mr
LH2

dt
�

�
TD

IspD
� 1

1� 	

TR

IspR

�
1 � "

g0

(4)

d ~mLOX

dt
�

�
	

1� 	

TR

IspR

�
1

g0

(5)

dr

dt

�
� dH

dt

�
� V sin � (6)

dV

dt
� �TD � Tex

D � cos�� TR cos��� �R� �D � Nex
D sin�

~m

�
�
r!2 � �

r2

�
sin � (7)

d�

dt
� L� Nex

D cos�� �TD � Tex
D � sin�� TR sin��� �R�
~mV

� 1

V

�
v2

r
� r!2 � �

r2

�
cos � � 2! (8)

d�

dt
��d�

dt
�Q (9)

dQ

dt
�MA �MD �Mex

D �MR

Iyy
(10)

where

~m� ~mTO � � ~mf
LH2 � ~mr

LH2 � ~mLOX� (11)

MA �Mref � �L cos��D sin���xref � xCG�
� �L sin� �D cos���zref � zCG� (12)

MD ��TD�zD � zCG� � Tex
D

�
zexD � zCG

�
� Nex

D

�
xexD � xCG

�
(13)

Mex
D ��Tex

D �zexD � zCG� � Nex
D �xexD � xCG� (14)

MR ��TR sin �R�xR � xCG� � TR cos �R�zR � zCG� (15)

The state equations (3–10) tend to be a stiff system because the
time scale of the pitch rate is considerably smaller than those of the
other state variables. The stiffness of the system often makes it
difficult to solve the trajectory optimization problem; this is because
the resulting matrix in the NLP problem is often ill-conditioned.
Therefore, it is assumed that the pitch rate is settled at any time of the

flight, i.e., _Q� 0, and it is also assumed that any angle of attack can
be attained instantly by the control system. The state equations are
then converted to differential algebraic equations (DAE) composed
of Eqs. (3–8) and the following equation.

MA �MD �Mex
D �MR � 0 (16)

Equation (16) actually represents the static trim condition. The
converted DAE are relatively easy to solve due to relieved stiffness,
and the contributions of the original dynamics [Eq. (10)] to the flight
performances are approximately covered by Eq. (16).

The liftoff velocity and the total ground-roll distance are restrained
within 150 m=s and 3000 m, respectively. The takeoff performance
is calculated by the analytical method given in [19], where the
maximum value of CL is supposed to be the CL at �� 15 deg and
�e � trim angle.

The control variables of the trajectory optimization are
constrained as follows.

Fig. 3 Forces generated by DME and their action points.
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0 � � � 15 deg : DME is not operated

0 � � � 12 � �f deg : DME is operated
(17)

TR � 0

�R � 0

�
: RE is not operated

0:2TRmax � TR � TRmax

�15 � �R � 15 deg

�
: RE is operated

(18)

�10 � �e � 10 deg

0 � " � 1

�
: Throughout the flight (19)

It should be noted that the angle of attack is actually bound by the
other control variables in the equality condition (16). Moreover, the
time history of " is actually bound by the volume of the forward and
rear LH2 tanks. Throughout the flight, the following variables are
constrained to be less than their designedmaximumvalues: the thrust
of the DME, internal pressure of the DME, flight dynamic pressure,
load factor, and axial acceleration (i.e., acceleration with respect to
the body axis).

With regard to the reentry flight, the flight dynamics and the
trajectory are not directly optimized, however, the flight corridor
appropriate for the equilibrium glide is considered by imposing
constraints on the aeroheating, load factor, and dynamic pressure.

Furthermore, the aerodynamic stability condition is defined as the
inequality

@�MA �MD �Mex
D �MR�

@�
� @�MA �MD �Mex

D �
@�

� 0 (20)

where MR is not affected by the angle of attack.

E. Weight Estimation

The design variables of the vehicle’s structure are the maximum
flight dynamic pressure, maximum load factor, maximum axial
acceleration, maximum thrust of the DME, and maximum internal
pressure of the DME. These design variables are optimized in the
MDO framework. The weight of the components, except for the
propulsion system, are estimated by hypersonic aerospace sizing
analysis (HASA) [20] and some modifications were made to the
original HASA. It is assumed that the structural weight can be
reduced to 50% of the aluminum-based structural weight if a
considerable part of the structure is made of advanced materials such
as C=C. This is because the specific tensile strength of C=C [21] is
more than twice that of an aluminum alloy. Thus, the coefficient 0.5
is multiplied with the structural weight equations in the original
HASA. The avionics weight is also reduced to 69% of the weight in
the original HASA. This is based on the assumption that the
advanced avionics system [22], which is lighter than the current
system, is used. In addition, the propellant tanks are regarded as
integral tanks and their weights are assumed to be included in the
body weight. The weight of the DME is calculated by a structural
analysis and is given as a function of the maximum internal pressure
and projected cross-sectional area, where the material of its structure
is assumed to be SiC=SiC. The variable structure of the DME is
calculated by weights analysis of advanced transportation systems
[23]. With respect to the RE, the thrust-to-weight ratio is specified as
60.0.

On the basis of the weights and locations of components, the
position of the vehicle’s CG at dry condition is calculated. Then the
vehicle’s CG at any flight condition is calculated in the trajectory
analysis. For simplicity, the CG positions of the forward/rear LH2

and LOX are assumed to be the same as those of the tanks, regardless
of the filling rates.

III. MDO Framework

Integrating each disciplinary analysis in the previous section, the
AAO-based MDO framework is constructed as shown in Fig. 4. The
framework is an extended form of the direct (NLP-based) trajectory
optimization, in which the vehicle design optimization problem (i.e.,
weight, aerodynamics, and propulsion) is embedded. In addition, all
the nonlinear equations in the analysis are treated as parts of the
constraints or objective function and are simultaneously solved in the
optimization process. Because the aerodynamic analysis and
propulsion analysis are complicated, their metamodels are
constructed externally and then embedded in the MDO framework.
On the other hand, the weight analysis does not employmetamodels,
because it is simple and does not include inner iterative process.
Although each of the disciplinary models described in the preceding
section have sufficient accuracy for the conceptual design, more
accurate numerical codes can be applied in the MDO framework if
they are sufficiently approximated by the metamodels. Thus, the
presented MDO framework can be applied to a wide range of
problems.

The following subsections describe two important aspects of the
MDO framework: the construction method of the metamodels and
the formulation of the NLP problem.

A. Construction of Metamodels

Among the available candidates for the metamodel, such as
polynomials and Kriging [24], the radial basis functions network
(RBFN) [25] is employed as the metamodel in this study. The RBFN
has the following advantages:

1) Fitting algorithms and validation methodologies are
substantially simpler than those used for the Kriging model because,
like polynomials, the RBFN is a linear combination of bases.

2) It can approximate any type of multi-input nonlinear function;
this is generally difficult with polynomials.

Let us denote the inputs and the output as y�2 Rp� andF�y��2 R�,
respectively. The RBFN metamodel used in this study is then
expressed as the linear combination of the Gaussian

F�y� �
Xnc
i�1


i
Yp
j�1

exp	��yj � dij�2=�2
j 
 (21)

where 
i (1 � i � nc) are the weight parameters, di � 	di1 di2

� � � dip
T (i� 1; . . . ; nc) are the centers of theGaussian (selected from
sample input points), and �j (j� 1; . . . ; p) are the radii of the
Gaussian. The weight parameters and the centers of the Gaussian are
determined by the orthogonal least squares (OLS) algorithm [26]
under the sample data (input-output relationship), the values of �j,
and the allowable mean squared error (MSE) of the sample data. To
attain a robust approximation performance, �j (j� 1; . . . ; p) and
emse are optimized on the basis of cross validation, in which
additional sample data (not included in the ns sample set) are
prepared and the MSE of these additional samples is used as the
performance index to evaluate the robustness of the approximation.

Fig. 4 Schematic view of AAO-based MDO framework.
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The simulated annealing (SA) algorithm supporting the continuous
variables [27] is used to obtain the optimal�j (j� 1; . . . ; p) and emse

that minimize the MSE of the additional sample data.
The arrangement of the sample inputs is referred to as

experimental design. Because the input dimension of the propulsion

metamodels is three [i.e., ~M,H, and (�f � �)], which is low enough,
the grid-based experimental design was adopted. On the other hand,
because the input dimension of the aerodynamic metamodels is 11
(i.e., the number of shape design variables), which is relatively high,
it is computationally prohibitive to adopt the grid-based
experimental design as ns is exponential to the input dimension.
Considering the constrained design space of the vehicle’s shape as
shown in Table 1, we adopted an efficient experimental design
referred to as constrained subuniform design (CSUD) [28] for the
construction of the aerodynamic metamodels. In the design space
that is irregularly shaped by many constraints, the CSUD arranges
the inputs approximately uniformly in terms of Euclidian space and
arranges each input axis by maximizing the following performance
index.

Xns
i�1

log� min
1�j�≠i��ns

kdi � djk� � �
Xns
i�1

Xp
k�1

log� min
1�j�≠i��ns

jdik � djkj�

(22)

where k k denotes the Euclidian norm and dik, djk denote the kth
component of vector di, dj respectively. The SA algorithm is used to
explore the optimum of this problem. The CSUD is similar to the
Latin hypercube design incorporating the maximin design [29],
however, its advantage is that the accuracy of the metamodels can be
enhanced by covering only the reasonable design space that is
irregularly shaped by the constraints. The aerodynamic metamodels
were constructed by preparing 200 data sampled by the CSUD and
200 additional data for cross validation sampled by the Monte Carlo

method on each representative value of ~M, ��; �e� shown in Table 2.
The fidelity of the constructed metamodels was checked by the

following criterion.

G�
Xnt
i�1

	F� ~di� � ~Fi
2=
Xnt
i�1

� ~Fi � �F�2 (23)

This criterion means the normalized MSE at another test data (not
used for cross validation) arranged by the Monte Carlo method, and
ranges from zero to one. The largerG becomes, themore accurate the
constructed metamodel. The worst (the smallest) G value of
propulsion metamodels was more than 0.99, which is large enough.
On the other hand, the average and worst G value of aerodynamic
metamodels were 0.985 and 0.775, respectively. These values
indicate that the errors of the aerodynamic metamodels may not be
neglected. Consequently, a two-stageMDOapproach as described in
the next section was used to eliminate the influence of the
approximation errors of the aerodynamic metamodels on the
solutions.

B. Formulation of the AAO-based NLP Problem

The trajectory optimization problem embedded with the design
optimization problem is formulated in an NLP problem. To convert
the trajectory optimization problem into an NLP problem, direct
collocation [30] is applied. The formulation of the NLP is outlined as
follows.

By dividing the flight sequence into m phases, we discretize the

time domain 	tj0; tjf
 of each phase j to (nj � 1) nodes as

tj0; t
j
1; . . . ; t

j
nj��tjf�. Note that the phase corresponds to the operation

mode of propulsion system (e.g., DME mode, RE mode, etc.).

Express the state and control variables as Xj
i , Uj

i

(i� 1; . . . ; nj; j� 1; . . . ; m), where the superscript and the subscript

correspond to a phase and a node, respectively. The state variablesXj
i

include r, V, �, ~mf
LH2, ~m

r
LH2, and ~mLOX, and the control variables U

j
i

include �, �e, �R, TR, and ". The elements of S include the unknown

terminal time tjf and the design variables of the vehicle (e.g., shape

design variables, the maximum values of engines thrust, the
maximum dynamic pressure, and so on). Adopting the optimization

variables as Xj
i , U

j
i (i� 1; . . . ; nj; j� 1; . . . ; m), and S, the NLP

problem is formulated as follows.
1) Objective function:

minimize J�Xm
nm;U

m
nm;S� (24)

As mentioned before, the objective function is defined as
J �� ~mPAY, and ~mPAY is computed from the total propellant weight
(the function of Xm

nm) and the dry weight of the vehicle (the function
of S).

2) Initial conditions of phase j at time t� tj0

 j
0�Xj

0;U
j
0;S� � 0

�j
0�Xj

0;U
j
0;S� � 0

�
�j� 1; . . . ; m� (25)

These constraints denote the takeoff conditions including the liftoff
velocity and the total ground-roll distance as described previously.

3) Connection conditions between phase j and phase j� 1 at time

t� tj�1
0 ��tjf�

�j�1�Xj�1
0 ;Uj�1

0 ;S� � ~�j�Xj
nj;U

j
nj;S� � 0 �j� 1; . . . ; m � 1�

(26)

This condition enforces the continuity of all the state variables and
some of the control variables (i.e., �, �e, ").

4) Equality constraints for the implicit integration of the state
equations (separated Hermite–Simpson scheme [30])

Xj
i�1 �

Xj
i�2

�Xj
i

2
� f j�Xj

i
;Uj

i
;S��f j�Xj

i�2
;Uj

i�2
;S�

8
�tji�2 � tji � � 0

Xj
i�2 � Xj

i � f j�Xj
i
;Uj

i
;S��4f j�Xj

i�1
;Uj

i�1
;S��f j�Xj

i�2
;Uj

i�2
;p�

6
�tji�2 � tji � � 0

9=
;

�i� 0; 2; . . . ; 2nj � 2; j� 1; . . . ; m�
(27)

where f corresponds to the right-hand side of the state equations (3–
8).

5) Path constraints

�j�Xj
i ;U

j
i ;S� � 0

�j�Xj
i ;U

j
i ;S� � 0

�
�i� 0; . . . ; nj; j� 1; . . . ; m� (28)

These constraints correspond to Eqs. (16–20) as well as the
constraints on the thrust of the DME, internal pressure of the DME,
flight dynamic pressure, load factor, and axial acceleration.

6) Terminal conditions of phase j at time t� tjf

 j
f�Xj

nj;U
j
nj;S� � 0

�j
f�Xj

nj;U
j
nj;S� � 0

�
�j� 1; . . . ; m� (29)

These conditions include the constraint on the operating Mach
number at each propulsion mode and the constraints to put the
vehicle on the target LEO.

7) Constraints on the static variables

��S� � 0

��S� � 0

�
(30)

These conditions include all the constraints on the vehicle design
(e.g., the constraints shown in Table 1, constraints for the tank
position and length to carry propellants, constraints for engine
mounting, etc.).

It is known that the convergence of the direct collocation is
substantially robust [30] unlike the trajectory optimization based on
an explicit integration scheme [31]. On the other hand, its
disadvantage is that the resulting NLP problem has a large number of
variables and constraints. Nevertheless, the Jacobian of the
constraints and the Hessian of the Lagrangian become sparse
matrices, as shown in Fig. 5. Thus, a novel sparse sequential
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quadratic programming (sparse SQP) code [32], which exploits the
sparsity of these matrices, is used to solve the NLP problem. This
substantially reduces the computational time as compared with
conventional NLP methods.

IV. Results and Discussion

Three cases were considered with respect to the trim and the
stability conditions.

Case 1 (unconstrained case): Both the trim (16) and stability (20)
conditions were neglected. Alternatively, the conditions �e � �R � 0
and "� 0:5were imposed. The resulting state equation describes the
point mass dynamics.

Case 2 (trim-constrained case): The trim condition (16) was
imposed, but the stability condition (20) was neglected.

Case 3 (trim- and stability-constrained case): The stability
condition (20) was imposed until the termination of the DME
operation; it was neglected thereafter. On the other hand, the trim
condition (16) was imposed throughout the ascent flight.

In each case, the total number of nodes with respect to the
trajectory integration was specified as 505. The initial guess of the
trajectory at the DME operation phase was fixed to the maximum
dynamic pressure of 100 kPa, which has been a typical choice for
space planes with air-breathing engines. The trim as well as the
stability was neglected in the initial guess. The initial guess of the
other trajectory profiles and the design variables of the vehicle were
arbitrarily determined. To eliminate the influence of the
approximation errors of the aerodynamic metamodels on the
solution in each case, we used a two-stage MDO in the following
manner. First, the regular MDO, which has the same framework as
described in the preceding section, was carried out. Using the shape
design variables obtained through the regular MDO, the original
aerodynamic analysis (not using metamodel) was subsequently
carried out. Then, the secondaryMDO, which fixes the shape design
variables to the values obtained by the regular MDO and the
aerodynamic coefficients to the values obtained by the original
aerodynamic analysis, was carried out. Note that the secondaryMDO
does not employ the aerodynamic metamodel, and it optimizes the
variables except for the shape design variables.

The optimal solution in this studywas defined as themathematical
local optimum whose residual (infinity norm) of the Karush–Kuhn–
Tucker equations [30] is less than 10�9, where the objective function
and the constraint functions are normalized such that the 2-norm of
their gradients become 1.0 at the initial guess. In each MDO, the
optimal solution which satisfies the preceding condition was
successfully obtained. Using a computer equipped with Intel Xeon
2.8 GHz, the computational time in each MDO was on the tens of
minute time scale, whereas the data sampling for the construction of
the aerodynamic metamodel tookmore than 150 h. Thus, most of the
computational cost was taken by the construction of metamodels,
and computational cost for optimization was much lower. The low
computational cost of the optimizations is mainly due to the
efficiency of the sparse SQP code. The feature of the AAO method
with metamodels, namely, no inner iterations in each disciplinary
analysis and function smoothness, may also contribute to the robust
and fast convergence of the optimization.

Tables 3 and 4 and Fig. 6 show the specifications and the shapes of
the optimal solutions aswell as the initial guess. In Tables 3 and 4, the

payload weight is not included in the dry weight (the weight of the
airframe excluding that of the engines). Under the weight estimation
model used in this study, all the optimal solutions achieved payload
transportation capability (i.e., positive value of ~mPAY), although this
was not achieved in the initial guess. In addition, the payload weight
decreased as the conditions on the trim and stabilitywere enforced. In
particular, the payload weight decreased substantially in case 3.
Because of the smaller external nozzle, as can be seen in case 3 of
Fig. 6, the total thrust coefficient and the specific impulse of theDME
are smaller than those in the other optimal solutions. This is the prime
reason for the decrease in the payload weight in case 3.

As can be seen in Fig. 6, thewing is located rearward in cases 2 and
3 so as to increase the effect of the elevon deflection and to satisfy the
trim condition. However, the trailing edge of the wing does not
coordinate with that of the fuselage in both the cases. This is because
of the necessity to alleviate the nose-downmoment of the wing at the
DME operation phase, at which the external nozzle additionally
produces the nose-down moment.

It can be seen that the total projected area of the DME in each
optimal solution became smaller than those in the initial guess, and
this resulted in a reduction in the weight of the DME. On the other
hand, all the optimal solutions have a larger �f than the initial guess to
capture a larger amount of airflow at the inlet. Thus, all the optimal
solutions attained larger thrust coefficients of the DME. However, as
the conditions on the trim and stability were enforced, the optimal �f
decreased. This may be relevant to the body volume and the position
of the DME in each solution. In other words, in case the DME is
located forward of the body, the increase in the body volume due to
the large value of �f is substantially restrained, hence the increase in
the structural weight can be avoided. In addition, the optimal shape in
case 3 has a larger wing and larger value of ln as compared with the
other two optimal solutions. It is known that these two features (i.e.,
shrinking forebody and large delta wing) contribute to stability
enhancement. As can be seen in Table 3, le � ln holds in all the
optimal solutions. (Note that the constraint ln � le was imposed as
shown in Table 1.) Thus, to shape the shrinking forebody, the DME
was located relatively rearward in case 3. Moreover, the solutions in
cases 1 and 2 had minimum base area to equip the RE so as to reduce
the base drag, and the tendency of base area reduction can also be
observed in case 3 in view of its large �b.

The following features can also be seen in Table 3.
1) The flight time for case 1 was long because the range of the

Mach number of the DME operation was wide as compared with the
other cases.

2) The effect of the wide-range operation of the DME in case 1
appeared in the smaller total propellant weight as compared with the
other cases.

3) The RE in case 3 was large due to the necessity of assisting the
trim by the thrust vector of the RE.

Figure 7 shows the time histories of the altitude in all the cases.
Figures 8 and 9 show the history of the altitude and theflight dynamic
pressure with respect to the flight Mach number in all the cases. The
common features of the optimal solutions are as follows.

1) The flight dynamic pressure increased after takeoff, and it
decreased at the transonic regime to reduce the increase in the drag.

2) As the Mach number approached the starting Mach number of

the DME operation (i.e., ~M� 3:8), the vehicle dived to attain a large
dynamic pressure as can be seen in Fig. 8, which is favorable for the
propulsion performance of the DME. The vehicle turned
immediately after the operation of the DME to reduce the drag.

During the operation of the DME, it was observed that on some
occasions during flight, the flight dynamic pressure detached its
maximum value in the optimal solutions. The reason for this can be
explained by Fig. 10, which shows the flight dynamic pressure, the
thrust of the DME, and the internal pressure of the DME in case 3. As
can be seen in Fig. 10, when qwas not bound by its maximum value,
TD or PD was bound by its maximum value during a considerable
portion of theDMEoperation. The same tendencieswere observed in
cases 1 and 2 as well. The larger the maximum values assumed by q,
TD, andPD, the heavier is the structuralweight of the airframe and the

Fig. 5 Sparse patterns of a) Jacobian of constraints, and b) Hessian of

Lagrangian.
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weight of the DME. Therefore, the optimal trajectory appeared to be
determined on the basis of the tradeoff between the propulsion
performance and the structural weight penalty.

On the other hand, in case 3 of Fig. 9, there is a drop in q at around
~M� 9:0, where TD and PD are not bound by its maximum value as
can be seen in Fig. 10. This can be explained by the profile of
@�MA �MD �Mex

D �=@� in case 3, as shown in Fig. 11. In other
words, the flight was bound by the stability condition (20) at around
~M� 9:0. The histories of @MA=@�, @MD=@�, and @M

ex
D =@� are also

shown in Fig. 11. As can be seen, the inherent stability of the airframe
@MA=@�was not sustained throughout theDMEoperation, however,

the total stability @�MA �MD �Mex
D �=@� was sustained due to the

stability enhancement effect by the external nozzle @Mex
D =@�. This

effect results from the characteristic that the larger the inlet flow
angle (�f � �), the higher is the pressure of the combustion gas.

We now define an index Cex
m� as

Cex
m� �

1

qlbsex

�
@Mex

D

@�

�
(31)

where sex � 6he�lb � le � 12:5he�. The value ofCex
m� can be used as

the index of the specific stability enhancement effect by the external

Table 3 Specifications of the initial guess and the optimal solutions

Parameters Initial Case 1 Case 2 Case 3

Payload weight, Mg �7:464 14.50 11.71 2.499
Dry weight, Mg 86.60 68.66 63.09 72.52
Airframe weight, Mg 62.11 55.38 49.88 54.66
DME weight, Mg 17.69 8.145 7.816 9.926
RE weight, Mg 6.798 5.138 5.393 7.939
LH2 weight, Mg 100.6 109.4 89.77 103.3
LOX weight, Mg 312.9 300.3 329.0 315.2
Reentry fuel weight, Mg 7.398 7.104 6.390 6.408
Mach number at

RE ! DME� RE 3.800 3.800 3.800 3.800
DME� RE ! DME 5.000 4.199 5.929 5.286
DME ! DME� RE 11.00 11.40 10.27 10.22
DME� RE ! RE 12.00 12.65 11.83 11.41
Flight time, s 850.2 2183 1468 1347
Maximum value of

Dynamic pressure, kPa 100.0 43.41 40.91 78.59
Load factor 2.500 2.500 2.500 2.500
Axial acceleration 2.500 1.645 1.780 2.198
Thrust of DME, MN 2.500 0.6230 0.6109 1.336
Internal pressure of DME, MPa 3.000 1.021 1.325 1.471
Vacuum thrust of RE, MN 4.000 3.023 3.173 4.671
Total projected area of DME, m2 37.50 23.27 20.56 23.85
lb, m 70.00 65.08 60.82 62.71
le, m 28.00 15.87 18.64 27.34
ln, m 26.60 15.87 18.64 27.34
lw, m 41.90 29.67 38.50 35.20
wb, m 18.00 14.82 14.11 14.96
wf , m 9.750 7.623 6.721 6.922
cw, m 23.00 22.39 18.49 22.27
�, deg 60.00 60.00 58.42 60.00
� 0.2250 0.1567 0.2191 0.1893
he, m 2.500 1.969 1.851 1.994
�f , deg 3.000 7.524 6.708 5.265
�b, deg 13.00 11.15 14.01 20.00
Body volume, m3 4094 3839 3298 3716
Front edge position of forward LH2 tank, m 5.610 5.000 5.000 5.000
Tail edge position of forward LH2 tank, m 33.75 30.28 40.38 21.80
Front edge position of LOX tank, m 36.17 30.78 40.88 22.30
Tail edge position of LOX tank, m 43.51 37.10 48.69 30.63
Front edge position of rear LH2 tank, m 45.03 37.60 49.19 31.13
Tail edge position of rear LH2 tank, m 63.42 61.83 57.78 59.57

Table 4 Breakdown of airframe dry weight

Component Initial Case 1 Case 2 Case 3

Fuselage, Mg 16.93 12.72 11.11 12.71
Wing, Mg 7.467 7.033 5.368 6.556
Tail, Mg 2.293 1.887 1.386 1.878
Gear, Mg 12.85 12.85 12.85 12.85
Thrust structure of DME , Mg 0.812 0.214 0.210 0.441
Thrust structure of RE, Mg 0.5099 0.3853 0.4045 0.5954
Reaction control/orbital maneuvering system, Mg 2.919 3.045 2.738 2.746
Thermal protection system, Mg 7.431 6.676 5.329 6.277
Hydraulics, Mg 0.4035 0.2868 0.2409 0.3424
Avionics, Mg 3.153 3.153 3.153 3.153
Electronics, Mg 2.164 2.125 2.089 2.105
Equipment, Mg 5.000 5.000 5.000 5.000
Total airframe dry weight, Mg 62.12 55.38 49.88 54.65
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Fig. 6 Shapes of the vehicles.

Fig. 7 Time histories of the altitude.

Fig. 8 Histories of the altitude with respect to the flight Mach number.

Fig. 9 Histories of flight dynamic pressure with respect to flight Mach

number.

Fig. 10 Time histories of dynamic pressure, thrust, and internal

pressure (case 3).

Fig. 11 Histories of stability characteristics with respect to flightMach

number (case 3).
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nozzle, although it is still dependent on H, ~M, and (�f � �).
Figure 12 shows the values ofCex

m� in cases 2 and 3. As can be seen in
thisfigure,Cex

m� in case 3 is almost the same or somewhat smaller than
that in case 2, despite its larger �b. Thus, a large �b appeared to be
preferred in case 3 so as to reduce the base dragwhilemaintaining the
stability enhancement effect.

Figure 13 shows the histories of the AC (excluding the engine
effect) and CG positions in cases 2 and 3. There are discontinuities at
the starting point and the terminal point of theDMEoperation. This is
because in the calculation of the AC position in this figure, the
pressure coefficient of the external nozzle excluding the combustion
gas effect was approximated as zero during the DME operation. In
case 2, theACpositionwas in front of theCGposition throughout the
flight, i.e., the vehicle was unstable throughout the flight. On the
other hand, in case 3, the airframe of the vehicle was inherently stable

up to around ~M� 7 and unstable thereafter. Nevertheless, the total
stability was sustained by the external nozzle effect, as mentioned
previously. The takeoff CG position in case 3 was located
substantially forward than that in case 2 so as to attain a sufficient
static margin, and it shifted rearward as the vehicle was accelerated.
Moreover, it can be seen that the shift range of the AC position in
case 3 was smaller than that in case 2.

V. Conclusions

An MDO problem of an SSTO space plane was formulated and
solved in this study. The analysis model covered the rigid body

characteristics such as trim and stability as well as the airframe-
engine integration design. Using the all-at-once-based MDO
approach, which incorporates sparse nonlinear programming and
metamodeling, the design of the vehicle and itsflight trajectory in 1) a
trim-and-stability-unconstrained case, 2) a trim-constrained case,
and 3) a trim- and stability-constrained case were successfully
optimized.

The tradeoffs between the propulsion performance and the
airframe geometry favorable for the rigid body characteristics (i.e.,
trim and stability) were observed. In particular, the trim- and
stability-constrained solution had a large delta wing, shrinking
forebody, and small external nozzle. In addition, the stability
enhancement effect by the external nozzle was exploited in the
optimal flight trajectory of the trim- and stability-constrained case.
Moreover, the optimal trajectory appeared to be determined on the
basis of the tradeoff between the structural weight and the propulsion
performances.
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